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Abstract
We present a novel physical interpretation of the level sets of the
(canonical) lapse function in static isolated general relativistic space-
times. Our interpretation uses a notion of constrained test particles.
It leads to a definition of gravitational force on test particles and to a
previously unknown uniqueness result for the lapse function.
In Section 5, we discuss photon spheres in static isolated relativistic
spacetimes and relate them to the level sets of the lapse function.
1 Static isolated relativistic spacetimes
Static isolated relativistic spacetimes have been studied from a number of
perspectives including regularity, asymptotics, construction of explicit so-
lutions etc. They serve as models of static isolated star and black hole
configurations. The standard example is the Schwarzschild family of space-
times
ds2 = −N2c2dt2 +
1
N2
dr2 + r2dΩ2, (1)
N =
(
1−
2M
r
) 1
2
, (2)
modeling the vacuum exterior region of a black hole or spherically symmetric
matter distribution. Here, M = mGc−2 is the mass parameter and dΩ2
denotes the standard metric of the round sphere.
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N is called the (canonical) lapse function. For M = m = 0, we find the
Minkowski spacetime as a special case in the Schwarzschild family.
More generally, a static relativistic spacetime is given by a smooth
Lorentzian metric ds2 which has a smooth timelike Killing vector field X =
∂t which is hypersurface-orthogonal with respect to the induced Levi-Civita´
connection ∇:
X[α∇βXγ] = 0. (3)
It follows that the (canonical) lapse function N :=
√
−ds2(X,X) is pos-
itive and time-independent. The metric locally splits into a warped product
ds2 = −N2c2dt2 + g, (4)
where g is a time-independent Riemannian metric on a time-slice {t = const}.
All time-slices are isometric and extrinsically flat, cf. Figure 1.
Figure 1: The time-slices of a canonically decomposed static spacetime.
A static spacetime with metric ds2 of the form (4) is said to model an
isolated system if
gij → δij (5)
N → 1 (6)
as r →∞ and if the topology of the time-slices is that of Euclidean 3-space
outside a ball. Thinking of the time-slices as only modeling the exterior
region outside the (assumedly finitely extended) matter distribution and
outside all black holes, let us additionally assume that ds2 satisfies the vac-
uum Einstein equations. Making use of the time-translation symmetry, the
vacuum Einstein equations reduce to the static vacuum equations
NRic = ∇2N (7)
△N = 0 (8)
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on any and every time-slice. Here, Ric denotes the Ricci curvature tensor,
∇2 the covariant Hessian, and △ the covariant Laplacian corresponding to
the 3-dimensional Riemannian metric g on the time-slices.
While the Riemannian metric g captures the geometry of the time-slices,
the lapse function N incorporates the information of how we have to arrange
or stack the (isometric) time-slices in order to reproduce the static spacetime,
cf. Equation (4) and Figure 1.
2 Physical interpretation of the lapse function
What is the physical significance of the lapse function N? Does it play a
role similar to that of the Newtonian potential in static Newtonian gravity?
Surprisingly, it (almost) does, and in a number of ways:
• Newtonian limit: The pseudo-Newtonian potential U := c2 lnN con-
verges to the Newtonian potential in the Newtonian limit (along any
suitable family of static isolated spacetimes possessing a Newtonian
limit in the sense of Ehlers’ frame theory), cf. [1] and [2].
• Asymptotic behavior: The pseudo-Newtonian potential U = c2 lnN
asymptotically behaves like
U = −
mG
r
+O(
1
r2
) (9)
as r →∞, where m is the ADM-mass of the system, cf. [3]. Moreover,
the next order term in the asymptotic expansion of U corresponds to
a center of mass term of the same form as in the Newtonian setting
U = −
mG
r
−
mG~z · ~x
r3
+O(
1
r3
), (10)
cf. [2]. Both asymptotic decay statements are made precise using
weighted Sobolev spaces.
• Equipotential surfaces: Relativistic test particles constrained to a
given 2-surface Σ2 generically accelerate along Σ2 unless Σ2 is a level
set of the lapse function N and thus also of the pseudo-Newtonian
potential U = c2 lnN . It is thus justified to call those level sets equipo-
tential. We will describe this phenomenon in more detail in Section 3.
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• Uniqueness of lapse: N and thus also U = c2 lnN are uniquely
determined outside the matter distribution by the spatial metric g –
and everywhere in a given time-slice by the metric g and the matter
variables induced on any time-slice by the energy momentum tensor.
We will sketch how this follows from the equipotential nature of the
level sets in Section 4. More details as well as two alternative proofs
can be found in [2] and [4].
• Degrees of freedom: Introducing asymptotically flat wave-harmonic
coordinates (xi) on a time-slice, N (or, alternatively, U = c2 lnN)
together with the coordinates uniquely determine the components gij
of the spatial metric g of a given static isolated spacetime. So, in this
sense, static isolated spacetimes have four degrees of freedom, namely
those corresponding to the choice of (N,x1, x2, x3). This coincides
with static isolated Newtonian gravity, where the degrees of freedom
are given by the Newtonian potential and three Galilei coordinates.
3 Equipotential surfaces and gravitational force
In static Newtonian gravity, the (negative) gradient of the Newtonian po-
tential defines the force ~F on a unit mass test body. This has a well-known
consequence for the equipotential or level set surfaces: if a test body is
constrained into one of the level set surfaces, the gravitational force ~F is
perpendicular to the path of the test body and does thus not have a tangen-
tial component. Hence the test body does not tangentially accelerate along
any level set surface, see Figure 2. If, on the other hand, a test body is
constrained to an arbitrary surface Σ2, it will in general accelerate due to
the tangential component of the force along Σ2.
Surprisingly, the “same” is true for the level sets of the lapse function N
in a static isolated spacetime. To see that, we need to replace the constrained
Newtonian test bodies in the above picture by “constrained (relativistic) test
particles”. In order to define these, recall that a timelike curve µ(τ) is called
a (freely falling relativistic) test particle if it is a critical point of the time
functional T [µ] given by
T [µ] :=
∫ τ1
τ0
|µ˙(τ)| dτ. (11)
In the context of static isolated spacetimes, the warped product structure
of the metric captured by (4) allows us to think of a timelike curve µ(τ) as
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having temporal and spatial components such that
µ(τ) = (t(τ), x(τ)). (12)
Accordingly, let us say that a timelike curve µ(τ) is constrained to a surface
Σ2 ⊂ {t = const} if x(τ) ∈ Σ2 for all τ . In other words, we ask the curve
µ(τ) to stay within the warped 3-dimensional timelike cylinder (−∞,∞)×Σ2
“over” Σ2 in the spacetime. We then define a constrained (relativistic) test
particle to be a timelike curve µ(τ) which is a critical point of the time
functional T [µ] as in (11) but subject to the constraint that it (and all
its competitors in the variation of T [µ]) is constrained to a given surface
Σ2 ⊂ {t = const}.
Figure 2: A (Newtonian) test body constrained to a surface Σ2.
Equipped with this notion of constrained test particles, let us say that
a closed surface Σ2 sitting in a time-slice {t = const} of a static isolated
spacetime is an equipotential surface if every test particle constrained to
Σ2 is a geodesic in Σ2 with respect to the induced 2-metric, i.e. does not
accelerate within Σ2, see again Figure 2. This is a geometrized analog of
the Newtonian notion of equipotential surfaces.
A straightforward analysis of the Euler-Lagrange equations of the func-
tional T [µ] subject to the constraint that x(τ) ∈ Σ2 for all τ shows that Σ2
is an equipotential surface in a given static isolated spacetime if and only if
Σ2 is a level set of the lapse function N . Thus, in their effect on constrained
test particles, the level sets of the lapse function N in static isolated space-
times play precisely the same role as those of the Newtonian potential in
static isolated Newtonian gravity.
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3.1 Gravitational force
In Newtonian gravity, the equipotential property of the level sets of the
potential stems from the fact that the (negative) gradient of the potential
determines the gravitational force per unit mass. It is thus tempting to de-
fine gravitational force per unit mass as the (negative) gradient of the lapse
function N in our context. Our Newtonian limit analysis1 however sug-
gests that we should replace the lapse function N by the pseudo-Newtonian
potential U = c2 lnN . Observe that U has the same level sets as N .
Moreover, it is more adequate2 to take the gradient of U not with respect
to the induced spatial metric g but instead with respect to the conformally
equivalent Riemannian metric γ := N2 g. We suggest to call γ the pseudo-
Newtonian metric of the given static isolated spacetime.
Finally, it is important to realize that a notion of gravitational force
constructed by the above equipotential principle will only apply to test par-
ticles3. It will not readily4 apply to extended bodies. This distinction is
irrelevant in static Newtonian gravity due to the superposition principle for
the linear Poisson equation satisfied by the Newtonian potential.
So let µ(τ) = (t(τ), x(τ)) be a test particle in a static isolated spacetime
with metric ds2 as in (4). Assume that µ has mass m or that
ds2(
dµ
dτ
,
dµ
dτ
) = −m2 (13)
for all τ . We then define the gravitational force on the test particle µ(τ) as
~F := −m γ ~∇U, (14)
where γ ~∇ denotes the (3-dimensional) γ-covariant gradient. Furthermore,
1cf. Section 2 for a sketch of and [2] for more details on the Newtonian limit analysis
of static isolated spacetimes.
2This follows from the Newtonian limit analysis combined with a more detailed study
of the geometry of pseudo-Newtonian gravity, cf. [2].
3Our definition of gravitational force can be extended to general timelike curves that
are not necessarily geodesics. These can be interpreted as test particles that are subject
to not only gravitational but also to non-gravitational forces (e.g. electro-magnetic ones).
4The author has some first ideas how to generalize the notion of gravitational force
presented here to extended bodies. A second Newtonian law of motion for extended
bodies, however, seems more difficult at the moment.
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we define its (3-dimensional) acceleration5 by
~a := g ~∇ dx
dτ
dx
dτ
. (15)
Here, g ~∇ denotes the (3-dimensional) g-covariant gradient. A straightfor-
ward computation shows that with these definitions of gravitational force
and acceleration, the second pseudo-Newtonian law of motion
~F = m~a (16)
holds for all freely falling test particles of mass m, see [2].
4 Uniqueness results
In a static isolated spacetime, the Einstein constraint equations on every
time-slice reduces to
R = 0. (17)
We observe that the lapse function N does not appear in this constraint
equation. Using Choquet-Bruhat’s local uniqueness theorem (see e.g.
citeChoquet:1980) for the Einstein equations, this implies that the spacetime
corresponding to a given spatial metric g and lapse function N is in fact
independent6 of the lapse function N . It follows that N is indeed unique:
Suppose there was a second lapse function N˜ such that N˜ → 1 as r → ∞.
Then by the above, the levels of N and N˜ would be detected by constrained
test particles. Those only depend on the Lorentzian metric ds2 which we
have seen to be independent of the lapse function whatsoever. Thus the level
sets of N and N˜ coincide so that N˜ = f ◦N for some real valued function
f . The static vacuum equations (7), (8) applied to N and N˜ then imply
0 = △N˜ = △(f ◦N)
= f ′′ ◦N ‖∇N‖2g + f
′ ◦N △N
= f ′′ ◦N ‖∇N‖2g
5The acceleration of the test particle is induced from the Lorentzian metric ds2 and
thus naturally refers to the spatial metric g and not to the conformally transformed metric
γ because the definition of test particles relies on the “dynamics” of the spacetime. On
the other hand, the definition of gravitational force uses the analogy of pseudo-Newtonian
and Newtonian effects and thus should be formulated in pseudo-Newtonian terms.
6However, we do assume that the lapse function exists in the first place.
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so that f ′′ = 0 and thus N˜ = αN +β for some real numbers α, β. Moreover,
∇2N˜ = N˜ Ric
= (αN + β)Ric
= α∇2N + βRic
= ∇2N˜ + βRic.
If g is not everywhere flat, this implies β = 0. Finally N, N˜ → 1 as r →∞
leads to α = 1 so that N = N˜ .
We interpret this result as saying that “there is only one way of syn-
chronizing time at different locations in a geometrostatic spacetime such
that one sees staticity” just as, for a Riemannian geodesic, “there is only
one way of walking along a geodesic such that one does not accelerate (up
to affine re-parametrizations)”. The affine freedom of the parameter along
the geodesic does not make an appearance in the static isolated spacetime
picture because we fixed the lapse function to asymptotically converge to 1
at spacelike infinity and therewith fixed the time unit.
5 Photon spheres
It is well-known that the Scharzschild spacetime (1), (2) with positive mass
parameterM = mGc−2 possesses a so-called photon sphere at r = 3M . This
is to say that photons (aka null geodesics) initially tangent to the timelike
cylinder (−∞,∞) × {r = 3M} remain tangent to it or that “photons get
caught in the sphere {r = 3M}”. Moreover, each photon’s energy and fre-
quency is constant in time (as observed by the static observers N−1∂t). This
is a very interesting phenomenon. It has proved relevant for understanding
questions related to dynamical stability and to gravitational lensing7.
As we have seen above, the positive mass Schwarzschild spacetimes are
prime examples of static isolated spacetimes. It is thus natural to ask
whether more general static isolated spacetimes can also possess photon
spheres or whether the phenomenon is restricted to the spherically symmet-
ric Schwarzschild case. To the best knowledge of the author, this question
was first raised in [5].
To study this question, let us define8 a photon surface in a static isolated
spacetime with metric ds2 of the form (4) as a surface Σ2 ⊂ {t = const}
7See [4] for more information.
8See [5], [6], and [7] for the origins of this definition.
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such that every photon (i.e. null geodesic) initially tangent to the cylin-
der (−∞,∞) × Σ2 remains tangent to it. A photon surface possessing the
property that the tangential photons have constant energy and frequency
along the photon surface (in the eyes of the static observers) will be called
a photon sphere. It turns out that this property is equivalent to constancy
of the lapse function N along the photon surface, see Lemma 2.7 in [7].
An analysis9 of the null geodesic equation combined with the Gauß-
Codazzi-Mainardi equations and the static vacuum equations (7), (8) shows
that a photon sphere Σ2 in a static isolated spacetime must necessarily have
constant mean curvature (or expansion). Furthermore, a photon sphere Σ2
has constant (intrinsic) Gauß curvature and the normal derivative of the
lapse function ν(N) must also be constant along Σ2.
In [7], the author shows that a static vacuum isolated spacetime with
metric as in (4) possessing a – connected – photon sphere Σ2 must be iso-
metric to a Schwarzschild spacetime outside the photon sphere under a mild
technical condition. This gives a partial answer to the question raised above;
for a priori disconnected photon spheres, the issue will be addressed in [8],
together with other results on photon surfaces.
This theorem can be interpreted as a photon sphere uniqueness theorem;
its proof in fact mimics Israel’s proof of static black hole uniqueness [9]. It
allows to identify a given static vacuum isolated spacetime as in fact being
a Schwarzschild spacetime whenever it is known to possess a photon sphere.
More precisely, if Σ2 ⊂ {t = const} is a photon sphere then we can10
use the lapse function N as a coordinate in the spatial slice {t = const}. As
Israel showed in [9], the static vacuum equations (7), (8) can be rephrased
as inequalities on each level set of the coordinate N . Integrating those
inequalities from the photon sphere all the way to spatial infinity, we obtain
inequalities relating the mean and Gauß curvatures of the photon sphere to
the ADM-mass m of the spacetime. Recall that we have already derived
above that both of these curvatures are constant.
When combining the static vacuum equation (8) with the asymptotic
decay of the spatial metric g discussed in (9) we can relate11 the ADM-mass
9cf. [7] for an exposition of this analysis.
10making the same mild technical assumption as Israel [9] that the lapse function foliates
the region exterior to the photon sphere.
11This relationship can actually be pursued much further; it even constitutes a central
tool for showing that the Newtonian limit of the ADM-mass of a static isolated spacetime
“is” the Newtonian mass of “its” Newtonian limit. For more details, see [2].
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m of the spacetime to the normal derivative ν(N) of the lapse function via
c2
4πG
∫
Σ2
ν(N) dσ = m. (18)
This physical insight proves that the integrated inequalities are in fact equal-
ities. This, however, implies that Israel’s inequalities must be identities on
each level set of N . From this, it is straightforward to compute that the
spacetime is in fact Schwarzschild with N playing the role of a rescaled
radial variable. For more details, we refer the reader to [7].
References
[1] J. Ehlers. The Newtonian limit of general relativity. In Classical Mechan-
ics and Relativity: Relationship and Consistency, pages 95–106. Bib-
liopolis, 1989.
[2] C. Cederbaum. The Newtonian Limit of Geometrostatics. PhD thesis,
Free University, Berlin, 2011.
[3] Daniel Kennefick and Niall O´ Murchadha. Weakly decaying asymptoti-
cally flat static and stationary solutions to the Einstein equations. Class.
Quantum Grav., 12(1):149, 1995.
[4] C. Cederbaum. Uniqueness of the lapse function in static space-times.
In preparation.
[5] C.-M. Claudel, K. Shwetketu Virbhadra, and G. F. R. Ellis. The Geom-
etry of Photon Surfaces. J. Math. Phys., 42(2):818–839, 2001.
[6] V. Perlick. On totally umbilici submanifolds of semi-riemannian mani-
folds. Nonlinear Analysis, 63(5-7):e511–e518, 2005.
[7] C. Cederbaum. Uniqueness of photon spheres in static vacuum asymptot-
ically flat spacetimes. In Complex analysis and dynamical systems VI.,
Contemp. Math. Amer. Math. Soc., Providence, RI, 2014. [to appear].
[8] C. Cederbaum and G. Galloway. in preparation, 2014.
[9] W. Israel. Event horizons in static vacuum space-times. Phys. Rev.,
164(5):1776–1779, Dec 1967.
10
